TUTORIAL 1
A Consumerís Economic Circumstances
Massimo Scotti
Intermediate Microeconomics 23561 - Spring 2015
Question 1
Consider the following expression:

xapa+x
=m
pa xbp
pb xa = m
b b+

(1)

where:
! xa and xb denote the quantities of goods a and b respectively;
! pa and pb denote the prices of goods a and b respectively;
! m denotes the income of a consumer.

(Note I am delibaretly using di§erent "symbols" from those used in
lecture 1 to stress that itís not so important what symbol we use to
represent somthing. What matters is that we clearly deÖne what a
symbol represents)

1) What does equation (1) represent?
2) Equation (1) contains 5 letters. Which letters do we treat as "variables"? Which ones as "constants" or "parameters"? Why?
3) Plot equation (1) in a graph where you measure xa on the vertical axis
and xb on the horizontal axis.
(i) Identify the expressions of the slope, vertical intercept and
horizontal intercept. What does the slope represent?
(ii) Show graphically what happens if the government provides
the consumer with a subsidy that doubles the income of the consumer.
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4) Suppose pa = $2 and pb = $6: What is the opportunity cost of good a
in terms of good b? (Hint: note the wording)

Question 2
A household has to decide how much of his monthly income to spend on milk
and how much on water. Suppose that this household has a Öxed income of
$300 per month to spend on these two goods. The price of milk is $3 per
liter and the price of water is $2 per liter. Let x1 denote liters of milk and
x2 liters of water.
1) Write the mathematical expression of the choice set and that of the
budget constraint.
2) Represent the budget constraint faced by this family in a graph where
you put "liters of milk" on the horizontal axis and "liters of water" on the
vertical. In the graph, identify the values of the vertical and horizontal
intercepts, and of the slope.
3) Explain the economic meaning of the slope of the budget line that you
have represented in the previous graph.
4) Now suppose the government introduces a tax of $1 per liter of milk
purchased. Represent graphically what happens to the choice set of the
consumer after the introduction of the tax. (keep "liters of milk" on the
horizontal axis and "liters of water" on the vertical). In the graph, show the
new slope, horizontal and vertical intercept.
5) Now suppose that instead of taxing milk consumption, the government
subsidizes it. In particuar, assume that the subsidy scheme works as follows:
after buying 5 litres of milk at full price (i.e. $3), the consumer gets a
discount of 50% on each litre of milk that he buys. Represent graphically
what happens to the choice set of the consumer after the introduction of this
subsidy scheme. (Keep "liters of milk" on the horizontal axis and "liters of
water" on the vertical). In the graph, show the new slope, horizontal and
vertical intercept.
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Tutorial 1 - Solutions
Question 1
1) Equation 1 represents the budget constraint.
2) x and x are variables since that is what the consumer chooses.
p and p are fixed so the consumer must act as a price-taker (as they can't influence the price). M is
exogenous (i.e. Income is given). As such, p ,p and m are constants.
3) i. Since xxa is on the vertical intercept, make xxa the subject:

II. If M doubles, then the budget constraint will simply shift outwards. The slope will be unaﬀected.
Proof:
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Question 2
1) Given:
M = 300
Good 1 = Milk = x₁
Good 2 = Water = x₂
p₁ = 3; p₂ = 2

2)

3) The slope of the budget line indicates that for 1 additional litre of milk, the consumer would have to give
up 1.5L of water. Technically we could say that 1L of milk costs $3 which is equivalent to 1.5L of water
($2x1.5L = $3) so this should make sense.
Rule:
In order to get 1 more of the good on our horizontal axis, we have to give up (insert slope) units of the good
on our vertical axis.

4) In general, after the introduction of a quantity or per unit tax of $t (e.g. on good 1), the equation of the
budget line becomes: (p₁+t)x₁ + p₂x₂ = M.
The immediate eﬀect on the price after the introduction of the tax will be a $1 increase. Therefore p₁'= p₁+t =
3+1 = $4. The slope of the budget constraint becomes steeper (from -3/2 to -4/2), implying that the
opportunity cost of consuming milk in terms of water increases. That is, previously to consume an additional
litre of milk, the consumer had to give up 1.5L of water, and now the consumer must give up 2L of water.

5) Since the subsidy applies to milk only, the intercept for milk will now change. So let's assume that the
consumer chooses to spend all of their income on milk. Then the first 5L will cost $15 (5L x $3/L). This will
leave $285 remaining income (300 - 15) to spend on milk at the now subsidised price of $1.50/L. This means
that the consumer can now aﬀord 190 additional litres of milk (285/1.5). The maximum amount of milk that
can be consumed with the subsidy in place is therefore 5 + 190 = 195L.
An alternative way of solving for the maximum amount of milk (i.e. Solving for the horizontal intercept) could
be:
Let h be the new horizontal intercept.
Solving:
5x3 + (h-5) = 300
=> h = 195
For the first 5L of milk consumed, the slope of the budget constraint will be unchanged at -3/2. However
after 5L of milk are consumed, 190 more litres of milk can be consumed at the new lower price of $1.50/L.
So the slope of the budget constraint will become flatter at -1.5/2. This implies that the opportunity cost of
consuming milk in terms of water is now lower.
Implementing the per-unit subsidy means that the choice set widens where 5L of milk are being consumed.
The subsidy does not aﬀect water consumption, so the intercept for water is unchanged.
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TUTORIAL 2 - Solutions
Tastes
Massimo Scotti
Intermediate Microeconomics 23567 - Autumn 2018

Question 1
Consider the following graph. Note that C is a weighted average of A and B.

a. Can you rank bundles A, B and C using only the monotonicity assumption?
Answer: NO
b. Can you rank bundles A, B and C if you also assume that tastes satisfy convexity?
Answer: NO because nothing is said about the relation between A and B (you can use convexity only if you
know that there is indifference between A and B).
c. Combining the convexity and monotonicity assumptions, can you now conclude something about
the relationship between the pairs E and A and E and B?
Answer: We can only apply the convexity assumption if we know some pair of bundles we are indifferent
between—because convexity says that, when faced with bundles we are indifferent between, we prefer
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averages of such bundles. So, without knowing more, I can’t use monotonicity and convexity to say anything
about how A and E (or B and E) are related to one another.
d. If you know that I am indifferent between A and B (and also that my tastes satisfy transitivity,
monotonicity and convexity), can you conclude something about the relationship between the pairs
E and A, and E and B?
Answer: If we know that I am indifferent between A and B, on the other hand, then I know that C is better
than A and B because C is the average between A and B. Since E has more of everything than C, we also
know from monotonicity that E is better than C. So E is better than C which better than A and B. By
transitivity, that implies that E is better than A and B.
e. Knowing that I am indifferent between A and B (and also that my tastes satisfy transitivity,
monotonicity and convexity), can you now conclude something about how B and D are ranked by
me?
Answer: By just invoking the monotonicity assumption, I know that A is better than D since it has more of
one good and the same of the other. If A is indifferent to B, I then also know (by transitivity) that B is better
than D. So, it is not necessary to invoke the convexity assumption.

Question 2 – On the assumption of monotonicity: “Goods” VERSUS “Bads” .
The assumption of monotonicity (i.e. “more is better”) is what makes an item “a good” rather than “a bad”.
Indeed, if we assume that a consumer likes to have more of an item, that’s because that item is good to him
or her. But how do we deal with items that we do not like? In economics, items that a consumer does not
like are called “bads”. For a bad, the assumption of monotonicity is obviously violated. In fact, for a bad, the
opposite holds: the less, the better.
Now, here is the question. Consider an individual with the following tastes: he likes to have more of good 1
(i.e. good 1 is a good for him), but less of good 2 (i.e. good 2 is a bad for him). For example, you can think of
this individual being a gardener, good 1 being flowers, and good 2 being termites. Further, suppose that we
know that the tastes of this individual also satisfy convexity.
a. Which of the standard assumptions about tastes is violated?
Answer: Monotonicity is violated
b. In a graph with good 1 on the horizontal axis and good 2 on the vertical, plot a map of indifference
curves for this individual (assume that convexity is satisfied). With an arrow, show the direction where
we find bundles that make this individual better off.
Answer: First, note that indifference curves must be upward or positively sloping. To show this, consider the
first graph below. Pick a generic bundle (say A) and then identify those bundles that are certainly better than
A, and those other bundles that are certainly worse than A. Then you can conclude that those bundles that
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are as good as A must lie in the white regions. Thus the indifference curve through A must lie in that region
too, which makes it positively sloped

If I also know that the tastes of this individual satisfy convexity, I know that he strictly prefers averages to the
extremes. Thus his indifference curves must exhibit the shape of those in the graph below. Why? Because if
you take any two bundles on the same indifference curve, and then take an average of the two, you see that
the average is better (because it lies in the region where we have bundles that make the individual better
off).

c. Is the MRS negative or positive? How would you define the MRS in this case?
Answer: It is positive (the MRS is equal to the slope of the indifference curve). In this case, the MRS would
represent the units of good 2 (the “bad”) that you are willing to accept in order to get an additional unit of
the good 1 (the “good”).
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Question 3
Assume that the 5 assumptions about tastes hold. Now, consider the graph below showing an indifference
curve. Show that all bundles that lie to the north-east of the indifference curve (i.e. in the shaded area) are
strictly preferred to all bundles that lie on the indifference curve. Note that showing this result proves that a
consumer for which the assumption of monotonicity holds is better off as he moves towards indifference
curves that lie in the north-east region of our graph (slide 25 of lecture 2).

Answer: Pick any point that lies in the shaded area, say E.
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Question 4
Consider the following graph:

Suppose that the two indifference curves IC1 and IC2 are representing the tastes of the same individual over
bundles of good1 and good 2. Show that in this case the assumption of transitivity is necessarily violated.
Note that proving this result is equivalent to prove the statement in Slide 29 of Lecture 2 that if the
assumption of transitivity holds, then the ICs of the same individual cannot intersect.
Answer: Consider the following graph:

A is as good as B because they lie on the same indifference curve. A is as good as C because they lie on the
same indifference curve. If transitivity held, then the consumer would be indifferent between B and C.
However, since B and C are on two different indifferent curves, this consumer is not indifferent between B
and C. Therefore transitivity is violated.
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EXTRA QUESTIONS (Not to be covered in the tutorial)
Question 5
Suppose extremes are better than averages (while all the other standard assumption about tastes hold).
What would an indifference curve look like? Would it still imply diminishing marginal rates of substitution?
Answer: The indifference curve would bend outward as in the graph below. Note it is still doward sloping
and still the shaded area to the northeast of the indifference curve would contain all the better bundles
(because of monotonicity). But the line connecting A and B — which contains averages between A and B —
does not lie in this “better” region. Therefore, averages are worse than extremes.
The slope of this indifference curve is then shallow at A and becomes steeper as we move along the
indifference curve to B. Thus, the marginal rate of substitution is no longer diminishing long the indifference
curve — and the indifference curve exhibits increasing marginal rates of substitution.

Question 6 – bundles of “Bads”
Suppose you do not like cigarettes and whisky. That is, to you, less is better than more, both for cigarettes
and whisky. Suppose also that, to you, averages are strictly better than extremes. Draw three indifference
curves (with numerical labels) that would be consistent with your tastes.
Answer: The graph below illustrates three such curves. First, note that since less is better (and this applies to
both cigarettes and whisky), the consumer becomes better off in the direction of the arrows at the top right
of the graph. Consistently, the numbers accompanying the indifference curves must be increasing as we
approach the origin. Second, note that the shape of the indifference curves is consistent with averages being
better than extremes. Indeed, if I take A and B that lie on the same indifference curve, the line connecting
them (which contains averages of the two) lies fully in the region that is more preferred.
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TUTORIAL 3 - Solutions
Massimo Scotti
Intermediate Microeconomics 23567 - Spring 2018
Question 1
Suppose Mark likes both beer and wine. Let x1 and x2 denote liters of beers
and liters of wine respectively, and let’s assume that Mark’s tastes over bundles
of beer and wine are described by the following utility function:
1

2

u(x1 ; x2 ) = 3x13 x23
a) Consider bundles A = (1; 27) and B = (27; 1). Which one does Mark
prefer?
ANSWER: You need to compare the level of utility of the two bundles. To
do so, you plug each bundle into Mark’s utility function:
2

1

u(A)

= u(1; 27) = 3 1 3 27 3 = 9

u(B)

= u(27; 1) = 3 27 3 1 3 = 27

2

1

Mark prefers B to A since u(B) > u(A)
b) Write the equation of the indi¤erence curve on which bundle A lies?
ANSWER: To …nd the equation on which a bundle lies, you …rst need to
…nd the level of utility associated to that bundle, then set the expression of the
utility function equal to that level of utility and …nally make x2 the subject.
Let’s apply this to the case of bundle A.
i) You found in part a) that u(A) = 9.
2

1

ii) Hence, you set 3x13 x23 = 9
iii) Finally, you simplify the previous equation to make x2 the subject:
2

1

3x13 x23
2
3

1
3

x1 x2
2
3

1
3

=

9

=

3

=

(3)

3

x1 x2

x21 x2

3

=

27
27
=
x21

x2

c) Write the equation of the indi¤erence curve on which bundle B lies?
1

ANSWER: Let’s use the approach described above:
i) You found in part a) that u(B) = 27.
2

1

ii) Hence, you set 3x13 x23 = 27
iii) Finally, you simplify the previous equation to make x2 the subject:
2

1

3x13 x23
2
3

1
3

x1 x2
2
3

1
3

=

27

=

9

=

(9)

3

x1 x2

x21 x2

3

=

729
729
=
x21

x2

d) In a graph where you put liters of beer on the horizontal axis and liters
of wine on the vertical axes, represent the two indi¤erence curves.
ANSWER: Nowadays we use software to plot curves. However, it is quite
important that you learn how the graph of those functions that we use often look
like. In this case, you are asked to plot the indi¤erence curves whose equation
you derived in parts b) and c). You know that these indi¤erence curves were
derived from a Cobb-Douglas utility function. Hence you must know that their
shape look like the one in the following graph:

Note that you must plot B’s indi¤erence to the north-east of A’s indi¤erence
curve because we found that the utility associated to B is higher.

2

e) e) Given the utility function above, one can …nd that Mark’s marginal
1

1

2

2

utilities read: M U1 = 2x1 3 x23 and M U2 = x13 x2 3 . What is the value of the
M RS at bundle A and at bundle B?
ANSWER: M RS = M U1 =M U2 . Hence, we have that:
1

1

2x1 3 x23

M RS =

2

2
3

x13 x2

Now it’s just a matter of simplifying the above expression (you need to use
the rules of exponentials - if you are not familiar with them, pleasereview them):
2

M RS =

1

2x1 3 x23
1
3

x1 x2

2
3

2

=

1

2x23 x23
1
3

2
3

=

x1 x1

2x2
x1

Now we are ready to answer the question:
M RS(A) = M RS(1; 27) =

2 27
=
1

54

M RS(B) = M RS(27; 1) =

2 1
=
27

2
27

f) Are Mark’s tastes characterized by a diminishing marginal rate of substitution? Motivate your answer.
ANSWER: Yes. From the graph above, you can see that an indi¤erence
curve gets ‡atter as we move down the indi¤erence curve. Since the slope of an
indi¤erence curve at a given bundle is equal to the MRS at that bundle, that
suggests that the MRS is diminishing (we saw this in lecture 2). This re‡ects
the following tastes: As mark gets more beer, his willingness to give up wine
decreases.
Question 2
Answer parts a-f in question 2 but for consumer John whose tastes over
bundles of beer and wine are described by the following utility function:
u(x1 ; x2 ) = x1 + x2
[By comparing Q1 with Q2, you can see that we can model di¤erent tastes
by means of di¤erent utility functions. In Q1 the consumer has Cobb-Douglas
tastes over beer and wine. In Q2, we have the case of a consumer for which beer
and wine are perfect substitutes].
ANSWER:
Before answering, let me note that you should immediately recognize that
the utility function in question 1 is a Cobb-Douglas (re‡ecting the fact that
Mark has Cobb-Douglas tastes over beer and wine), while the utility function
in question 2 represents the case of perfect substitutes (John considers beer and
3

wine to be perfect substitutes). That said, we now simply need to apply the
methodology used in question 1 to the new utility function of question 2.
a)
u(A) = u(1; 27) = 1 + 27 = 28
u(B) = u(27; 1) = 27 + 1 = 28
John is indi¤erent between A and B since u(A) = u(B):
b)
Let’s …rst …nd the indi¤erence curve on which A lies:
i) We know that u(A) = 28
ii) Hence, you set x1 + x2 = 28
iii) By making x2 the subject we get: x2 = 28 x1
c)
Since John is indi¤erent between A and B, it must be that A and B lie on
the same indi¤erence curve. So the equation of B’s indi¤erence curve is the one
you derived above.
d)
We need to plot the equation x2 = 28 x1 . This is a negatively sloped
straight line with vertical and horizontal intercepts equal to 28, and slope equal
to 1. You should immediately note that we are in the case of perfect substitutes, in particular the case in which the consumer is always willing to give up
1 Liter of wine for 1 Liter of beer.

e) You note that we are in the case of perfect substitutes with the slope of the
indi¤erence curve being constant and equal to 1 (you have derived this result
in parts b-d). Since the M RS is equal to the slope of the indi¤erence curve, you
4

can conclude that MRS=-1 independently from the bundle you consider. Hence
M RS(A) = M RS(B) = 1. So, to answer this part you did not need to …nd
the expressions of the marginal utilities [that is why those expressions were not
provided].
Clearly, if are familiar with derivatives, you could have answered the question
by …nding the marginal utilitis:
M U1 =

@u
@(x1 + x2 )
=
=1
@x1
@x1

M U2 =

@u
@(x1 + x2 )
=
=1
@x2
@x2

Hence, we have that:
1
=
1

M RS =

1

f)
As already noted above, John’s M RS is constant, i.e. it does not vary along
a given indi¤erence curve. This is the key property of perfect substitutes.
Question 3
Suppose that for a consumer Coke and Pepsi taste exactly the same. Suppose
also that Coca-Cola makes the marketing decision to sell only cans of Coke that
are half the size of cans of Pepsi (i.e. with this decision, cans of Coke contain
167.5 ml while cans of Pepsi contain 335ml).
a) In a graph where you put cans of Coke on the horizontal axis and cans of
Pepsi on the vertical axes, draw a map of indi¤erence curves for this consumer.
ANSWER: Given the information provided above, you should immediately
note that we are in the case of perfect substitutes (you are told that for this consumer “Coke and Pepsi taste exactly the same”). This implies that indi¤erence
curves representing the tastes of this consumer are straight lines. Furthermore,
since you are told that cans of Coke that are half the size of cans of Pepsi, you
can conclude that, for this consumer, 2 cans of Coke are equivalent to 1 can of
Pepsi. This means that bundles (2,0) and (0,1) must be on the same indi¤erence
curve; similarly, bundles (4,0) and (0,2) must be on the same indi¤erence curve;
etc. . .
Hence, you have the following graphical representation for the indi¤erence
curves:
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b) What is the M RS of cans of Pepsi for cans of Coke?
ANSWER: M RS of cans of Pepsi for cans of Coke gives you how many
cans of Pepsi the consumer is willing to give up for an additional unit of Coke.
We know that for this consumer 2 cans of Coke are equivalent to 1 can of Pepsi.
Hence, this consumer is always willing to give up to half can of Pepsi for an
additional can of Coke, implying that M RS = 1=2.
c) What utility function represents the case considered in the this question
(let x1 denote the amount of Coke and x2 the amount of Pepsi?
ANSWER: we are in the case of perfect substitutes. With a can of Pepsi
being twice the size of a can of Coke, a utility function that can be used is:
u(x1 ; x2 ) = x1 + 2x2 with x1 being Coke and x2 Pepsi. Note that Pepsi gets
multiplied by 2 because a can of Pepsi provides twice as much utility than a can
of Coke (since it is twice as large).
Question 4
Suppose that a consumer always consumes packs of sugar and glasses of tea
in the following …xed proportion: 2 packs of sugar for each glass of tea.
a) In a graph where you put glasses of tea on the horizontal axis and packs of
sugar on the vertical axes, draw a map of indi¤erence curves for this consumer
ANSWER: Given the information provided above, you should immediately
note that we are in the case of perfect complements (you are told that this consumer always consumes packs of sugar and glasses of tea in a …xed proportion).
This implies that indi¤erence curves representing the tastes of this consumer
are L-shaped. Furthermore, you are told that the desired …xed proportion is
2 packs of sugar for each glass of tea. This means that the bundles at the
vertexes must contain sugar and tea in that proportion, that is, it must be
that x2 = 2x1 . Hence, you have the following graphical representation for the
indi¤erence curves:
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b) Is this consumer willing to substitute sugar for tea?
ANSWER: No. As we saw in lecture 3, the case of perfect complements is
characterized by consumer being unwilling to substitute one good for the other.
c) A utility function that we can use to represent the tastes described above
is given by u(x1 ; x2 ) = min f2x1 ; x2 g.
i) Pick three bundles that lie on the same indiference curve and check
that the utility function above assigns the same number to each of those bundles.
........ii) What is the equation of the straigh line on which the vertexes of the
L-shaped indi¤erence curves lie?
ANSWER:
i. Pick for example bundles (1,3), (1,2) and (2,2).
u(1; 3) = minf1 2; 3g = minf2; 3g = 2
u(1; 2) = minf1 2; 2g = minf2; 2g = 2
u(2; 2) = minf2 2; 2g = minf4; 2g = 2
ii) At the vertexes, the amount of good 2 is twice as large as the amount of
good 1. In mathematical language: x2 = 2x1 . This latter is the equation of the
straight originating from the origin of the Cartesian plane, with slope equal to
2. [In general, if you have a utiity function u(x1 ; x2 ) = min fax1 ; bx2 g and you
want to …nd the equation of the line where the vertexes lie, simply set ax1 = bx2
and then solve for x2; i.e. x2 = ab x1 ].
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TUTORIAL 4 - Solutions
Massimo Scotti
Intermediate Microeconomics 23567 - Autumn 2018

Question 1
1

2

Suppose that Mark has tastes described by the following utility function u(x1 ; x2 ) = x13 x23 .
Let’s think of Good 1 as wine and of Good 2 as a composite good. A composite good is
just an abstraction we use in economics to represent all other goods that are relevant to
the consumer besides the one in question (in this case wine). Notice that we measure the
quantity of a composite good in dollars (for example, if we say that a consumer spends
$500 in all other goods we mean that he has bought an amount of "all other goods" for
a value of $500). Since we measure the amount of a composite good in dollars, its price
is always equal to $1. Further, assume that the price of wine is $1 per litre, and Mark’s
income is $12. So, summing up we have: p1 = $1, p2 = $1 and I = $12.
a. Given the above utility function, you can check that the expression of the marginal
2
2
utility of good 1 reads 13 x1 3 x23 , and the expression of the marginal utility of good 2 reads
1

2 3
x x
3 1 2

1
3

. Find Mark’s demand functions for wine and other goods.
Answer:
As we saw in lecture 3, to find the demand functions you need to solve the following
system of equations:
(

M RS =

p1
p2

p1 x1 + p2 x2 = I

1

You need to find the expression of the M RS. You that M RS =

M RS =

1
x
3 1

2
3

1
3

1
3

=

So, lets now solve the
(
( system for(x1 and x2 : (
p1
x2
x2
= p2
= pp21
x2 = 2pp12x1
2x1
2x1
(

x1 =

I
3p1

(

x2 =

Hence:

2

x23

2
x x
3 1 2

p1 x1 + p2 x2 = I

M U1
.
M U2

x2
2x1

p1 x1 + p2 2pp12x1 = I

2I
3p2

c. Suppose that the government introduces a 25% tax on income. Find the optimal
bundle before and after the introduction of the tax.
Answer:
=8
Before tax: x1 = 3pI 1 =) x1 = 3121 = 4 and x2 = 2312
1
A tax on income affects the economic circumstances of the consumer, in particular it
reduces his income by 25%. The optimal bundle after the tax reads: x1 = 3pI 1 =) x1 =
12(1 0:25)
= 3 and x2 = 2 12(13 10:25) = 6
31
d. Produces two graphs. In one graph, represent: Marks’s choice set before and after
the tax; Mark’s indifference curves; Mark’s optimal bundle before and after the tax. In
the other graph, plot Mark’s demand curve for wine and show how Mark’s consumption of
wine changes with the tax.
Answer:

2

Left-Graph: Demand curves; Right-Graph: Choice set and optimal bundle before and after
the tax

Question 2
Family A and family B have to decide how much of their monthly income to spend on rice
and how much on other goods. Let us measure the quantity of other goods in dollar and
hence set the price of "other goods" equal to $1. Both families face the same economic
circumntances. They both have a monthly income of $600 and face the price same price of
rice which is $6 per kilogram. Furthermore, both families live in the same country where
the government has introduced a cap on the amount of rice that can be purchased monthly.
In particular, each family is allowed to buy a maximun of 40 kg of rice per month. In what
follows let x1 denote the quantity of rice and x2 the quantity of other goods. Assume that
the tastes of family A are described by utility function uA (x1 ; x2 ) = x1 x2 , wheras the tastes
1
3
of family B are described by utility function uB (x1 ; x2 ) = x14 x24 .
a. Provide a graphical representation of the choice set of family A and family B (place
x1 on the horizontal axis and x2 on the vertical).
Answer:
3

b. Given the utility function of family A, we have that for family A marginal utilities
read: M U1 = x2 and M U2 = x1 . Find the optimal bundle chosen by family A. Show
the optimal bundle on the graph above together with the indifference curve to which it
belongs.
Answer:
You need to go through the following steps:
i) You have to realize that we are dealing with Cobb-Douglas tastes. Therefore, indifference curves do not crosses the axis. This implies we will not have a corner solution.
ii) You have to realize that the choice set has an outward kink. Since we excluded
corner solutions, the optimal bundle is either at the kink or on the portion of the budget
line that is part of the choice set.
iii)
( You first try with the standard conditions:
M RS = pp12
p1 x1 + p2 x2 = I
M U1
= xx21 . In this case, since you are
You calculate the expression of the M RS = M
U2
after the optimal bundle, you also replace the actual values of prices and income into the
system. So, you get:

4

(

x2
x1

= 6
6x1 + x2 = 600

(

(

(

x2 = 6x1

(

6x1 + 6x1 = 600

x2 = 300

x1 = 50
iv) you ask yourself whether the bundle you found with the standard conditions belongs
to the choice set. The quantity of rice that is given by the solution above is 50 kg which is
above the cap imposed by the government. Hence the bundle you found cannot belong to
the choice set. Indeed, it is easy to see that the bundle you found is the point of tangency
between family A’s indiference curve and family A’s budget line that occurs on the part of
the budget line that is not part of the choice set.
v) you conclude that the optimal bundle must be at the kink. How do you find its
composition? At the kink, the quantity of rice is 40 kg. To find the quantity of other goods
you use the equation of your budget: 6 40 + x2 = 600 which gives you x2 = 360. Hence
the optima bundle is (40; 360)
c. Given the utility function of family B, we have that for family B marginal utilities
3
3
1
1
read: M U1 = 14 x1 4 x24 and M U2 = 34 x14 x2 4 . Find the optimal bundle chosen by family B. In
the graph above, show the optimal bundle together with the indifference curve to which it
belongs.
Answer:
Go
( through the same steps above.
M RS = pp12
p1 x1 + p2 x2 = I

Note that in this case the expression of the M RS =
you(have:

x2
3x1

= 6
6x1 + x2 = 600

(

(

(

x2 = 18x1

(

M U1
M U2

=

3 3
1
x 4 x24
4 1
1
1
3 4
x x 4
4 1 2

=

x2
.
3x1

Hence

6x1 + 18x1 = 600

x2 = 450

x1 = 25
In this case the solution you found with the standar method belongs to the choice set
(25kg<40kg) and indeed the tangency between the budget line and the indiference curve
5

of family B occurs on a portion of the budget line that is part of the choice set. Hence the
optimal bundle for family B is (25; 450)

6

Question 3
Suppose a consumer has tastes described by the following utility function: u(x1 ; x2 ) =
3x1 + x2 . If prices are p1 = 1 and p2 = 1, and income is I = 90, what is the optimal bundle
chosen by the consumer? Provide a graphical representation of the choice set, indifference
curves, and optimal bundle (place x1 on the horizontal axis and x2 on the vertical).
Answer:
First you have to realize that you are dealing with perfect substitutes. Furthermore,
you have to realize that the choice set does not have any kink. So yuo know you will have
a corner solution. You have to decide wheteher it is the vertical or the horizontal intercept
of the budget line. Notice that M RS = 3 and pp21 = 1. Hence the indifference curves
are steeper than the budget line. Hence the optimal bundle is the horizontal intercept.
How do you find it? At the horizontal intercept x2 = 0. Hence, replace x2 = 0 into the
equation the budget to get x1 :
x1 + 1 0 = 90 ) x1 = 90
Hence the optimal bundle is (90; 0):
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Question 4
Suppose a consumer has tastes described by the following utility function: u(x1 ; x2 ) =
min (2x1 ; x2 ). If p1 = $3 and p2 = $2, and income is I = $14, what is the optimal bundle
chosen by the consumer? Provide a graphical representation of the choice set, indifference
curves, and optimal bundle (place x1 on the horizontal axis and x2 on the vertical).
Answer:
You have to realize that you are dealing with perfect complements. Also, the choice set
is standard (no kinks). So, you proceed as follows.
Given the utility function u(x1 ; x2 ) = min (2x1 ; x2 ), you know that the optima bundle
must be such that 2x1 = x2 . You also know that at the optimal bundle all income is spent.
So, (
it must also be that(3x1 + 2x2 = 14. Hence you hav eto solve the following system:
2x1 = x2
3x1 + 2x2 = 14
3x1 + 2 2x1 = 14
(

(

x2 = 4

x1 = 2
Hence the optimal bundle is (2; 4):
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TUTORIAL 5 - Solutions
Massimo Scotti
Intermediate Microeconomics 23567

Question 1
Suppose you …nd that income and substitution e¤ects for Good 1 go in opposite
direction when the own price of Good 1, p1 changes. Suppose you also …nd that
the income e¤ect is smaller than the substitution e¤ect.
a) Does Good 1 satisfy the law of demand?
Answer: Yes, the law of demand is satis…ed. Since the income e¤ect does
not o¤set the substitution e¤ect, the direction of the overall change in the consumption of good 1 is determined by the direction of the substitution e¤ect.
And we know that the direction of the substitution e¤ect is always opposite to
the change in price. Hence, x1 and p1 eventually move in opposite directions,
and the law of demand is satis…ed (this is the case represented in slide 19 of
Lect 5).

b) What is good 1 called?
Answer: The good is a regular inferior good. Why "regular"? Because, as
we found in part a, it satis…es the law of demand. Why inferior? Because you

1

are told that income and substitution e¤ects go in opposite direction following
a change in the own price of the good. And this exactly what happens when the
good is inferior. [Note that you do not need to remember this by heart. You
can get to this conclusion by reasoning in the following way. Suppose that p1
increases. Then, you know that the substitution e¤ect leads to a reduction in x1 .
You also know that if p1 increases, the real income of the consumer decreases.
To have an income e¤ect that goes in the opposite direction with respect to
the substitution e¤ect, you must have that decrease in real income leads to an
increase in x1 : But this can happen only if the good is inferior].

Question 2
Suppose there are only two goods, Good 1 and Good 2. Further, suppose that
Good 2 is an inferior good. Then, it must be that an increase in the price of
Good 1, p1 leads on an increase in the consumption of Good 2. True or False?
Answer: True. If p1 increases, the purchasing power the consumer (i.e. his
real income) decreases. This brings about an income e¤ect. Since good 2 is
inferior, the reduction in purchasing power causes an increase in consumption
of good 2.
At the same time, if p1 increases, the opportunity cost of good 2, i.e. pp21
decreases. Good 2 becomes relatively cheaper than good 1. The consumer
substitutes good 1 with good 2. This is a substitution e¤ect that increases the
purchase of good 2.
So, both income and substitution e¤ects go in the same direction and thus
there is no doubt that consumption of good 2 will increase if p1 increases.

Note: the question under consideration focuses on the change of x2 in response
to a change in p1 . When it’s the own-price that changes and the good is inferior
(as in Q1 above), income and substitution e¤ects go in opposite direction.

2

Suggestion: Avoid to learn these changes by heart. Understand the logic
behind them and then apply it.

Question 3
Suppose that a consumer has preferences described by the following utility function:
u(x1 ; x2 ) = x1 x2
Given this utility function, we have that:
M U1 (x1 ; x2 ) = x2
M U2 (x1 ; x2 ) = x1
Assume that we put x1 on the horizontal axis and x2 on the vertical axis. Also,
let p1 , p2 and I respectively denote the price of x1 , the price of x2 and the
income of the consumer.
a. Find the demand functions for good 1 and good 2.
Answer:
Based on what shown in lecture 4, the two conditions you need to use are
the same as those you use to …nd the optimal bundel:
M RS = pp21
p1 x1 + p2 x2 = I
So, …rst you need to …nd the expression of the M RS:
M U1
=
M U2

M RS =

x2
x1

Now you solve the following system for x1 and x2 :
= pp12
p1 x1 + p2 x2 = I
x2
x1

x2 =

p1
p2 x1

p1 x1 + p2 pp12 x1 = I
2p1 x1 = I
x1 =
x2 =

I
2p1

p1 I
p2 2p1

3

=

I
2p2

Hence: x1 = 2pI 1 , x2 = 2pI 2
b. Suppose p1 = 1, p2 = 3 and I = 90. Find the optimal bundle chosen by
the consumer and provide a graphical representation.
Answer: A=(45,15)

c. Suppose p1 increases to 9. How does the optimal bundle change? In the
same graph you have used for part b, provide a graphical representation of how
the optimal bundle changes.
Answer: C=(5,15)
d. In the same graph you have used for parts b and c, plot the compensated
budget line and graphically identify the income and the substitution e¤ects for
good 1 and for good 2. Use an arrow to show the direction of these e¤ects.
Answer: See graph. Compensated budget is the green budget line. B is
the "compensated" bundle, i.e. the bundle the consume would cosume if she
received the income compensation represented by the shift of the budget line.
e. Find the size and direction of the income and substitution e¤ects for good
1and for good 2? [Note: You are require to provided a numerical answer]
Answer: First, you need to …nd the compensated bundle (we will call it
B). We know that at B the following two properties must hold:
B
1: u(xB
1 ; x2 ) = u(A) (B and A are on the same indi¤erence curve after the
compensation)
pnew
B
1
2 M RS(xB
1 ; x2 ) =
p2 (at B the indi¤erence curve of the consumer is
tangent to the compensated budget line)
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Therefore we can …nd B solving the following system:
(
B
u(xB
1 ; x2 ) = u(A)new
p1
B
M RS(x1 ; xB
2 )=
p2
Note that u(A) = u(45; 15) = 45 15 = 675:Furthermore, we know that
M RS(x1 ; x2 ) = xx21 . Hence, the previous system that we have to solve to …nd
B
bundle B = (xB
1 ; x2 ) becomes:
x1 x2 = 675
x2
9
x1 =
3

3x22 = 675
x2 = 3x1

x2 = 15
x2 = 45

So, the "compensated" bundle is B=(15,45).
Now that we know bundle B, it is immediate to …nd the income and substitutions e¤ects.
Good 1.
Substitution e¤ect: xB
xA
45 = 30
1
1 = 15
C
B
Income e¤ect: x1 x1 = 5 15 = 10.
Note that the total change in consumption of good 1 is 5 45 = 40 which
is exactly equal to (income e¤ect+substitution e¤ect)=-30-10=-40.
Good 2.
Substitution e¤ect: xB
xA
15 = 30
2
2 = 45
C
B
Income e¤ect: x2 x2 = 15 45 = 30.
Note that the total change in consumption of good 2 is 15 15 = 0 which is
equal to (income e¤ect+substitution e¤ect)=-30+30=0.
f. Is good 1 normal, inferior or quasi-linear?
Answer: Normal. Two alternative ways to see this: i) Looking at the
demand function of good 1; ii) Noting that as p1 increases, real income decreases,
and the income e¤ect that you found calls for a decrease in x1 , hence suggesting
that income and consumption of good 1 go in the same direction.
g. Is good 2 normal, inferior or quasi-linear?
Answer: Normal. Two alternative ways to see this: i) Looking at the
demand function of good 2; ii) Noting that as p1 increases, real income decreases,
and the income e¤ect that you found calls for a decrease in x2 , hence suggesting
that income and consumption of good 2 go in the same direction.
h. Explain what happens to the consumption of good 2 as p1 increases to
9.
Answer: Cosumption of good 2 does not change. This can be seen from the
demand function of good 2, which shows that x2 does not depend on p1 , or from
your solution of the optimal bundles (A and C contain the same amout of good
2). Notice what happens when p1 increases. As p1 increases, the opportunity
cost of good 1 increases. Hence the consumer tends to substitute good 1 with
good 2. At the same time, as p1 increases, real income decreases. Since good
5

2 is normal, this leads to a decrease in the consumption of good 2. In this
particular case, the size of the substitution e¤ect and the size of the income
e¤ect are identical, with the the two e¤ects going in opposite direction. Hence,
eventually, substitution and income e¤ect cancel out, which is why the overall
change in consumption of good 2 following the increase in p1 is equal to zero.
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TUTORIAL 6 - SOLUTIONS
Production (I)
Massimo Scotti
September 1, 2018

1

Cobb-Douglas, perfect substitutes and perfect
complemts in production - Understanding the
concept of TRS

Question 1 and 2 below introduce the cases in which inputs are perfect substitutes and perfect complements respectively. Altough we did not explicitly
covered these two cases in lecture 6, you should be able to analyze these two
cases by applying the general concepts covered in lecture 6 together with what
you have learned about perfect substitues and complements in consumption
theory.
Q1. PERFECT SUBSTITUTES - Suppose the technology of a producer
is described by the following production function: f (`; k) = 2` + k.
a. Write the equation of the isoquant with level of production 2.
b. Draw the map of isoquants in a graph with ` on the horizontal axis and
k on the vertical.
c. What can you say about the T RS? What allows you to conclude that
the production function above represents the case of inputs that are perfect
substitutes?
Answer:
a. 2` + k = 2.
b. I can re-write the equation above as k = 2 2` and represent it graphically.
This is clearly a straight line with slope 2:In this case the map of isoquants is
made of isoquants that are straight lines with slope 2.

1

c. You know that the TRS is equal to the slope of the isoquant at a given
bundle. In this case, the slope is constant and equal to 2 at any bundle.
Thus the TRS is constant. This is what makes labour and capital perfect
substitutes (it’s like what we saw in consumer theory for two goods that are
perfect substitutes - here you have two inputs instead of two goods). No matter
the combination of inputs the producer is using, 1 unit of labour is always
"as good as" 2 unit of capital. Or equivalently, 1 unit of labour is always "as
productive as" 2 unit of capital. Thus the producer can always substitute 1
unit of labour with 2 unit of capital without altering the level of production
(i.e. remaining on the same isoquant).
Q2. PERFECT COMPLEMENTS - Now suppose the technology of a
producer is described by the following production function: f (`; k) = min f2`; kg :
a. Write the equation of the isoquant with level of production 2.
b. Draw the map of isoquants in a graph with ` on the horizontal axis and
k on the vertical.
c. What can you say about the T RS? What allows you to conclude that
the production function above represents the case of inputs that are perfect
substitutes?
Answer:
a. min f2`; kg = 2
b. This is a function we used in consumer theory to describe tastes for goods
that are perfect complements. Now it describes a technology for inputs that are
perfect complements. Isoquants look like L-shaped curves. At the vertexes you
have bundles of inputs where k = 2l. Therefore, you have the following map of
isoquants:

2

c. In case of perfect complements, the degree of substitutability between labour and capital is essentially zero. This is what makes labour
and capital are perfect complements. In order to produce a given quantity
of output you must use them in the prescribed …xed proportion (in the case
of this example, for each unit of labour you must have 2 units of capital - for
example, to produce 4 units you need 2 units of labour and 4 of capital).
Q3. COBB-DOUGLAS - The two cases above represent extreme cases of
technology. Typically, the degree of substitutability between labour and capital
depends on the actual amount of labour and capital used. For example, consider
the following Cobb-Douglas production function: f (`; k) = `k.
a. Write the equation of the isoquant with level of production 2.
b. Draw the map of isoquants in a graph with ` on the horizontal axis and
k on the vertical.
c. What can you say about the T RS in this case? [note that M P L = k and
M P K = `].
Answer
a. `k = 2.
b. We can rewrite the equation above as k = 2` . You can plot this equation
and what you get is an hyperbola. Thus, isoquants in this case are hyperbola
(note you should know this as soon as you recognize that the production function
is a Cobb-Douglas)

3

MP L
k
c. In this case T RS = M
PK =
` . Thus, in this case the value of
the T RS depends on the bundle of inputs (`; k) that the producer used by the
producer. Indeed, that is what you can see in the graph above, where the slope
of an isoquant changes along the isoquant.
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Cobb-Douglas, perfect substitutes and perfect
complemts in production - Cost minimization

The following question asks you to solve the problem of cost minimization for the
three cases studied in questions 1, 2 and 3. You will start with the "standard"
case of the Cobb-Douglas function of Q3. Then, you move to the cases of perfect
substitutes and perfect complements introduced in Q1 and Q2.

Cost minimization
Q4. Suppose w = $1 and r = $2. For each of the following cases, …nd the
least-cost combination of producing 8 units of output and provide a graphical
representation.
a. The producer is using technology f (`; k) = `k:
b. The producer is using technology f (`; k) = 2` + k:
c. The producer is using technology f (`; k) = min f2`; kg
Answer:
a. The least-cost combination is generally found where an isocost is
tangent to the desired isoquant. In the case of production function f (`; k) = `k,
you can …nd the least-cost combination of producing 8 units of output by
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solving the following system:
T RS(`; k) =
f (`; k) = x

w
r

= 21
`k = 8
k=

`2 = 16

k = 12 `

k
`

`=4

1
24

`

1
2`

=8

1 2
2`

=8

=2

To represent this combination graphically, we have to draw an isocost that is
tangent to the isoquant corresponding to output level 8. In this case that is a
straight line with slope 12 :

b. In the case of perfect substitutes we cannot use the two general conditions
to …nd the least cost-combination. Note what would happen:
T RS(`; k) =
f (`; k) = x

w
r

2 = 21 (not true!)
2` + k = x

As it was the case in consumer theory, also in production theory we have to
use graphical analysis and/or your intuition. Isoquant associated to production
level 8 is a straight lines with slope 2 and vertical intercept 8 (see Q1a). Isocost
are straight lines with slope 21 . You have to pick the "lowest" Isocost that still
allows you to produce 8 units:

5

Thus your least cost-combination is (4; 0). Note that you may be tempted
to say that with perfect substitutes you use all (and only) the input that is
cheaper. This is not the case! Suppose for example that w = 3 and r = 2. You
should note that you still use all (and only) labour. What matters is the value
of the slope w=r versus the value of the T RS.
c. Also in this case you cannot use the system. You have to use your
intuition. Given production function f (`; k) = min f2`; kg, there is only one
input combination that allows us to produce 8 units of output. That is
combination (4; 8): How did I found it? Set 2` = 8, which gives you ` = 4:
Then, set k = 8. Indeed, if you put this input combination into the production
function you get f (`; k) = min f2 4; 8g = min f8; 8g = 8.
When inputs are perfect complements, you cannot choose which best input
combination to use in order to produce a certain amount of output. The input
combination is entirely determined by the technology, and not by the price of
the inputs.
You can realize it by drawing the solution to the problem at hand:

If w and/or r change, your isocosts change slope, but the point of tangency
is always the same (i.e. bundle 4; 8).

6

TUTORIAL 7
Production (II)
Massimo Scotti
Intermediate Microeconomics 23567 - Spring 2018
Cost Minimization and Production Costs
Q1. Suppose technology is f (l; k) = k`. In Tutorial 6 you saw that, in this case,
the least-cost input combination to produce x = 8 when w = $1 and r = $2 is
(l; k) = (4; 2):

A

2

x=8

4

(i) What is the cost of producing 8 units of output when the price of labour
is $1 and the price of capital $2?
when r decreases to $1?
Answer: C = wl + rk = 1 4 + 2 2 = 8
(ii) What is the new least-cost combination of inputs if r decreases to $1?
Answer: You need to solve the following system:
T RS = w`
f (`; k) = x
Since T RS =

k
`;

and f (`; k) = k`, you have:

1

k
`

k
1
k=`
= wr
k=
` =
1
p
`2 = 8
k` = x
k` = 8
`= 8
(iii) In the graph above, show what happens when r decreases to $1:
Answer: Isocosts become steeper and new optimal bundle is B:

8

p

8

B
A

2

8

x=8
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(iv) How the production cost changes as r decreases to $1? p
p
0
0
0 0
p Answer: The new cost of production is C = wl + r k = 1 8 + 1 8 =
2 8
As we would expect, the production cost has decreased. After all, the case
we analyzed in this question was one in which the producer had to produce the
same level output (x = 8) with a lower price of inputs (the price of capital has
decreased while that of labor has remained unchanged).
NOTE: The purpose of this question was to convince you that: 1) production costs depend on the level of output x, the price of capital r and the
price of labour w; 2) production costs are derived from solving the problem of
cost minimization. This is what we said when we discussed the cost function
C(x; r; w).
As an exercise, repeat the exercise but assuming that w and r do not change
and x increases to 18. You should …ndnd that the cost increases since the
producer needs to use more l and more k.

Pro…t Maximization
Q2: Suppose a producer has to pay a licence fee of $1 to be allowed to run his
business. If he decides not to pay the fee, then he will not produce any amount
of output and hence his cost of production is equal to zero. If he decides to pay
the fee, then his cost of production depend on the level of output and on the
prices of input, as described by expression 12 wrx2 . The following cost function
summarizes the situation just described:

2

C(x; w; r) =

0 if x = 0
1 + 12 wrx2 if x > 0

where the bite that does not depend on output (i.e. 1) re‡ects the licence fee
(let me note here that - strictly speaking - this licence fee is not a …xed because
it varies with output: If the …rm decides not to produce at all, this cost is zero.
Some call this type of costs "quasi-…xed" costs).
(i) Suppose that in the input markets, w = $2 and r = $4. What is the
expression of the cost curve for this …rm?
Answer: When w = $2, r = $4 :
0 if x = 0
C(x) =
1 + 4x2 if x > 0
(ii) Given the cost curve obatained in part (i), the expression of the marginal
cost curve reads M C(x) = 8x. What is the pro…t maximising quantity and the
level of pro…t if the …rm can sell its output at p = $2?
The conditions for pro…t maximizations are p = M C(x ) and p = AC(x ).
You have been given the expression of the M C curve. You need to …nd the
epxpressions of the AC curve.
1
AC(x) == C(x)
x = x + 4x
Now, you …rst use p = M C(x ):
2 = 8x –> x = 41
Then, you have to check that p > AC(x )
AC( 14 ) = 4 + 1 = 5 > p = 2
Since p > AC(x ) is violated, the producer would maximize losses if x = 41
were produced. Whenever this is the case, you have to check wheter the producer
would be better o¤ by not producing at all. If x = 0, total revesues are zero.
By the cost function, we know that also total costs are zero. Hence, if x = 0,
pro…ts are zero. And that is better than genertaing losses. Hence, in this case
the pro…t maximising quantity is x = 0.
(iii) What happens if the price of output increases to p = $8?
Answer: Just repeat the same exercise above but with p = 8. In this case
M C = p gives you x = 1. Then note that AC(1) = 1 + 4 = 5 < p = 8. Hence,
the pro…t maximizing quantity is x = 1.
(iv) The graph below shows the average cost curve of this producer. Find
the break even price and complete the graph so that you eventually identify the
supply curve of the producer.
Answer: Find the break-even price: AC = M C x1 + 4x = 8x
x = 12
1
1
be
be
AC( 2 ) = 2 + 2 = 4. Hence x = 2 and p = 4. Then, plot the M C curve
whose equation is M C = 8x. This is a straight line with slope 8. We know it
has to cut through the minimum of the AC curve, which we now to be ( 12 ; 4),
that is, the break-even quantity and the break even price. Finally, select the
portion of the verical axis below 4 and the portion of the MC curve above 4.
v) Write the mathematical expression of the supply curve
Answer: you have found that pbe = 4. Therefore:

3

x = 0 for p < 4
p = 8x for p

4

vi)What happens to the supply curve that you have represented graphically
if w decreases? Explain.
Answer: If w decreases, production costs decrease as well. This is seen
clearly from the original cost function C(x; w; r) which depends positively on
w. Obviously, also AC and MC depend positively on w and hence fall as w
decreases. So, graphically, the AC shifts downward and the MC rotates downward. This has tow implications. First, the break even price decreases. This is
intuitive, if production costs decrease, it takes a smaller price in order to break
even. Second, the portion of the supply curve above the break-even price shifts
outward. Also this is intuitive. It re‡ects the fact that as production costs fall,
supply expands.

4

Cost Minimization and Pro…t Maximization
Q3 True or False: If a producer minimizes costs, she does not necessarily maximize pro…ts; but if she maximizes pro…ts, she also minimizes costs.
Answer:: True. Cost minimization does not guarantee that the producer is
choosing the speci…c level of output that maximizes pro…ts. It only guarantees
that if a given level of output is produced, it is produced at the lowest cost (in
other words, the quantity being produced at the lowest cost may not be the
quantity that also maximizes pro…ts). On the other hand, if the producer is
maximizing pro…ts, he is necessarily minimizing costs. To see this assume that
a given quantity x0 is not produced at the lowest cost. Then for the producer
there would be a way to produce x0 at a lower cost and thus increase pro…ts.
Therefore x0 cannot be the pro…t maximising quantity.

5

TUTORIAL 8 - SOLUTIONS
Short-run and Long-run in Production
Massimo Scotti
Intermediate Microeconomics 23567 - Spring 2015
Question 1
1
1
Suppose you are a producer with technology f (`; k) = ` 4 k 4 and you are
currently operating with a …xed level of capital k = 81. Further, suppose that
the price of labour and capital are w = $9 and r = $1 respectively.
1) Write the expression of your short-run production function.
A:
1

1

1

x = ` 4 (81) 4 = 3` 4
2) Write the expression representing the quantity of labour that you need
to hire in the short-run to produce a desired level of output x.
A:
1

x = 3` 4
x4 = 81`
x4
` =
81
3) Write the expression representing your short run cost of production.
A:
C(x)

= kr + w`

x4
x4
x4
= 81 1 + 9
= 81 +
81
81
9
4) What is the …xed cost, the variable cost and the total cost of producing
x = 2 units in the short run?
A:
C(x)

=

FC

81r + w

=

81
x4
(2)4
V C(x) =
=
= 1:78
9
9
x4
(2)4
C(x) = 81 +
= 81 +
= 82:78
9
9
1

5) What is the value of the shut-down price for your business? [Hint: the expression of the short-run marginal cost associated to the short-run cost function
that you derived in part (3) reads M C(x) = 49 x3 ]
A: The shut-down price is found by equating short run AVC to short run
MC.
x4
x4
x3
VC
= 9 =
=
AV C(x) =
x
x
9x
9
Therefore:
AV C(x) = M C(x)
x3
4 3
=
x
9
9
x = 0
psd

= AV C(0) =

0
=0
9

6) What is the pro…t maximising quantity for the short-run if the price at
which you can sell your output is p = 12?
A:
Conditions for pro…t maximisation in the short -run p = M C(x ) and p
AV C(x ).
p

= MC
4 3
12 =
x
9
x3 = 27
x = 3
You now have to check that p > AV C(x ). Note that AV C(x ) = AV C(3) =
= 3. Since p = 12, it is true that p > AV C(x ). Hence you can conclude
that x = 3 is your pro…t maximising quantity. Note that if you know the
shut-down price, an alternative way to proceed is to check whether the market
price is above the shut down-price. If so, the quantity obtained via M C = p is
the pro…t maximising quantity.
1
1
7) Given your underlying technology f (`; k) = ` 4 k 4 , it can be shown that
1
your long-run cost function reads C = 2x2 (wr) 2 . Assuming the same prices of
inputs you have used so far (i.e. w = $9, r = $1), your long-run function can
be written as C = 6x2 .
(i) Compare the total cost of producing x = 2 in the long-run with the total
cost in the short-run. Comment on the result.
4
A: Total short-run cost is C(2) = 81 + 29 = 82:78. Long run cost is C(2) =
6(2)2 = 24. Total long run costs are never larger than total short run cost
because in the long run the producer can alaways produce output using the leastcost combination of inputs. This is not possible in the short run because capital
33
9

2

is …xed (possibly at a non-optimal level given the output that the producer
produces).
(ii) Assuming that p = $12, …nd the pro…t-maximising quantity for the
long-run.
A:
Conditions for pro…t maximisation in the short -run p = M C(x ) and p
AC(x ). Clearly, you have to use the long-run cost function to derive M C and
2
AC. So, AC(x) = Cx = 6xx = 6x and M C(x) = @C
@x = 12 [in the exam, I
would provide the expression of the marginal cost]. Hence:
p = M C(x)
12 = 12x
x = 1
Now check if p AC(x ). AC(1) = 6 1 = 6 < 12. So you can conclude that
the pro…t maximising quantity is x = 1.
8) Now suppose the government introduces a license fee of $10 that the
producer has to pay if he decides to run his business. The law is e¤ective
from the beginning of next year. How does the licence fee a¤ect your short-run
decisions? How does it a¤ect your long-run decisions?
A:
The fee does not a¤ect short-run (i.e., current) decisions because it will have
to be paid from the beginning of next year. Note that, even if you had already
paid the fee, that would be a sunk cost and it would not a¤ect your current
decisions.
For the long-run, the story is di¤erent. Essentially you have to decide if it is
convenient for you to pay the fee and produce, or rather exit the market. How
to address this problem?
With the licence fee of $10, your long-run cost function becomes:
C=

0
10 + 6x2

if x = 0
if x > 0

Let’s then …nd the pro…t maximising quantity. Note that the expression of
M C(x) is the same as in part 7 since the fee does not depend on output. Hence:
p = M C(x)
12 = 12x
x = 1
Now let’s check if p AC(x ). Note that, di¤erently from part 7, we now have
2
1
AC(x) = 10+6x
. Hence, when x = 1, AC(1) = 10+6
= 16. Therefore, the
x
1
condition p AC(x ) is not satis…ed (of the producer where to produce x = 1,
he would create a loss....check it!). This means that the producer should not
produce in the long run (i.e. exit the market).
Question 2
3

Suppose a producer is currently committed to 50 units of capital. Also, suppose
that w = $20 and r = $40. By using the information in the graph above,
complete the following table [In the pdf with the questions, the following
table had 3 columns. The …rst column was included by mistake and
has to be ignored]
Quantity Produced
0
100
200

Short Run Total Costs
2000
4000
8000

Long Run Total Costs
0
4000
6000

Again, note that Long Run Total Costs are never larger than Short Run Total
Costs. Note that in this exercise Short Run Total Costs and Long Run Total
Costs are equal when quantity produced is 100: That’s simply because the level
of capital that the producer is currently using (k = 50) is exactly the level of
capital he would choose in the long run if had to produce 200 units. If you were
to plot the short run average cost curve and the long run average cost curve,
they would be tangent at quantity 200:

4

TUTORIAL 9 - Solutions
Competitive Markets in the short- and long-run
Intermediate Microeconomics, Spring 2018

Question 1
Suppose there are only two consumers – John and Mark – and two firms – Alpha and Beta – in the
market for good x. Let’s assume that the market is nevertheless competitive and consumers and
producers behave as price takers.
Suppose John’s and Mark’s solution to their utility maximization problem gave the following individual
demand functions for good x:

x John = 10 − p
x Mark = 10 − 2 p
Suppose that Firm alpha’s and firm Betas’ solution to their short-run profit maximization problem gave
the following individual short run supply functions for good x:

x Alpha = 5 + p
x Beta = 5 + 2 p

a) Find the short run equilibrium for good x.
b) Is there going to be either entry or exit at the equilibrium found at point a?
Answer:
a)
Find the market demand: X D =

x

i

=x John + x Mark = (10 − p) + (10 − 2 p) = 20 − 3 p

Find the short run market supply: X S =
Find the short run market equilibrium:
XD = XS
20 − 3 p = 10 + 3 p
6 p = 10
5
p=
3
5
X = 10 + 3 = 15
3

x

i

=x Alpha + x Beta = (5 + p) + (5 + 2 p) = 10 + 3 p

b) The exercise does not provide enough information to answer part b. To answer it, we should
have information about long run costs of the two firms and thus about the exit price.
Note: the fact that the two firms have different short run supply functions does not necessarily
imply that they have different long run costs. Two firms may have the same technology (i.e.
same production function) and thus the same long run costs, but different short run costs due to
the fact that they are using different levels of capital in the short run.

Question 2
Assume that all firms in a market are identical and that, for each firm, the-long run and shortmarginal cost curves coincide. Now consider the following graphs. Panel a represents the short-run
market. Panel b shows the long-run average cost curve (ACLR), the short-run average variable cost
curve (AVCSR) and the supply curve (Si) of a representative firm. (Based on the information above,
you must be able to identify the short-run supply curve and the long-run supply curve).

ACLR

AVCSR

a) Point E in panel a identifies the short-run equilibrium. How many firms operate in this
market?
b) Is the market in a long-run equilibrium as well? Explain.
c) In panel c, represent the long-run equilibrium. Plot the demand curve, the long-run supply
curve, and indicate the equilibrium price and the equilibrium quantity.
d) Now suppose that the government introduces a license fee that must be paid by each firm
that intends to operate in the market. The amount of the license fee is fixed (i.e. it does not
depend on output). A firm can avoid to pay the fee by exiting the market. (So, as we saw in
tutorial 7, this type of license fee is a long-run quasi-fixed cost).
i.
Explain and show graphically the consequences of introducing this license fee.
ii.
Will the number of firms increase, decrease or remain unchanged with the
introduction of the fee?

Answer:

LR

ACLR

AVCSR

a) Total quantity traded is X=1000. Each firm produces x=10. Hence there are 100 firms.
b) Yes. A market is in a long-run equilibrium if there is no entry/exit of firms. At a price of $10,
long run costs are equal to revenues implying that long-run profits are equal to zero. This
implies that there is no entry/exit of firms. [Indeed, note that the price of $10 is equal to the
minimum of the long run AC curve and thus $10 is the exit price, i.e. the price at which a firm
breaks even in the long run].
c) The long-run equilibrium is represented by point E in panel c, the intersection between the
horizontal LR supply curve SLR and the demand curve DM. Note that DM . Equilibrium price
and quantity are obviously the same as those shown in panel a (because we concluded at b
that the market is in equilibrium both in the short-run and long-run).
d)
i: The license fee implies an increase in the long-run production costs (every firm that plans
to operate in the market will have to pay this fee). Hence, long-run average costs of
production will increase. Graphically, the long-run ACLR curve shifts upward to AC1LR.
What about costs in the short-run? Once the fee is paid, it becomes a short-run fixed cost.
Hence it does not affect short-run average variable costs. Hence the short-run AVCSR curve
will remain unchanged (obviously, if we had plot a short-run total average cost curve, that
curve would shift up).
Importantly, note that since the license fee is fixed (i.e. it does not depend on output),
marginal costs will not be affected. Hence, the MC curve will not change. Hence, long-run
and short run supply curves will not shift around. However, note since the long-run AC curve
has shifted upward, the exit price has increased. In particular, at the initial market price of
$10, long run profits are negative (panel b). This implies that firms will start exiting the
market. As they exit the market, supply decreases. Graphically, the short-run market supply
curve shifts to the left (panel b). The process stops only when – after some time – a new
short run market equilibrium is reached at point A where the price is equal to the new exit
price. In that case, long run profits are zero and there is no exit/entry. Panel c shows the
new long run equilibrium.
ii: Equilibrium market quantity has decreased (both panel a and c). The quantity produced by
each firm that remained in the market has increased (panel b). Thus the number of firms
must have decreased. This is also consistent with firms leaving the market.

Question 3
Suppose you observe a competitive market to be currently in equilibrium at a price of $20 (i.e. the
short-run market equilibrium price is $20). Suppose all firms are identical and the representative
firm has long run costs given by CLR(x)=10x-5x2+x3 [hinet: MC(x)=10-10x+3x2].
a) Describe what is going to happen in the market in the long run
b) Draw a graph where you represent the long run market supply curve
c) Suppose market demand is x=20-4p. Describe the long run equilibrium.
Answer:
a) To understand what is going to happen in the market in the long run, you have to find the
exit price and see whether the current equilibrium price (i.e. the short run equilibrium price)
is above or below it. How to find the exit price? You know that it is the lowest point of the
long run AC curve. And you know that at that point AC=MC. Thus, let’s find the AC and MC
curves:
C
AC = = 10 − 5 x + x 2
x
C
MC =
= 10 − 10 x + 3x 2
x
Now let’s find the value of x where AC=MC:
10 − 5 x + x 2 = 10 − 10x + 3x 2
5x − 2 x 2 = 0
x (5 − 2 x ) = 0

This equation has two solution, x=0 and x=5/2. The solution we are interested is x=5/2 (you
can draw the AC and MC curves to convince yourself about this). [Those of you who know
calculus could have found the lowest point of AC by simply solving min10 − 5x + x 2 ]
x

Now that we found the value of x for which AC=MC, let’s replace it into the AC curve to find
the exit price:
2

5 5
25 25 15
p exit = 10 − 5  +   = 10 −
+
=
2 2
2
4
4

15/4 is clearly smaller than 20. Thus the current market price is larger than the exit price. In
the long run there will be entry of new firms. This entry will increase supply and push down
the equilibrium price to $15/4.

b)

c) Market Demand: x=20-4p
Long run market supply: p=15/4
Equilibrium price: p=15/4
Equilibrium quantity: x=20-4(15/4)=5

TUTORIAL 10 – Welfare
Intermediate Microeconomics, Spring 2018

Understanding consumer surplus, producer surplus, total surplus for the society and the idea of
efficiency by looking at cases in which the First Theorem of Welfare fails.

Question 1
The following graph represents a competitive market with a positive externality in production (there
are no other externalities and there are no price distortions).

i.

What is the total surplus generated by the competitive market?

ii.

Identify how the total surplus generated by the competitive market is split between
consumer surplus, producer surplus and bystanders’ surplus.

iii.

What would be the surplus generated by a benevolent and omniscient social planner?

iv.

What is consumer surplus, producer surplus and bystanders’ surplus in the case of the social
planner’s solution?

Answer:
i.

To find total surplus, you have to identify the marginal social cost (MSC) curve, the marginal
social benefit (MSB) curve and the quantity traded in the market.
The MSC curve is given by the exercise (it reflects the presence of the positive externality in
production which creates a wedge between the social cost and the private cost (this latter
represented by the MC curve).
What about the MSB curve? Since there are no externalities other than the positive one that
is already captured by the MSC curve) we can safely assume that there is no wedge between
the private benefit and the marginal benefit of consumption. Hence, the D curve, that
represents the private marginal benefit, also represents the social marginal benefit.
What about the quantity traded in the market? That is the quantity corresponding to market
equilibrium, i.e QM.
How do you find total surplus? Total surplus is the area comprised between the MSC curve
and the MSB curve up to QM. That is:
Total surplus generated by the market= area ABCD
Note that you do not need to know the price to find total surplus (what you need is just the
quantity produced and MSC and MSB curves).
ii.

To identify how the total surplus generated by the market is split you bring in the price at
which the quantity is traded in the market. That is the equilibrium price P. You know how to

identify consumer and producer surplus. The remaining part is the surplus (or loss) that goes
to bystanders (this part exists because of the externality). In particular:
Consumer surplus=area PBC
Producer surplus=area APC
Bystanders’ surplus=area ACD
The bystanders’ surplus (loss) captures the benefit (cost) of the positive (negative)
externality.

iii.

The social planner would decide to produce Q* where MSC=MSB. To find total surplus
always consider the area between the MSC curve and the MSB curve up to the quantity that
is produced/traded. In this case, the quantity produced is Q*. Thus:
Total surplus generated by social planner: area ABE
If you compare this with the surplus of the first graph, you notice that the one obtained by
the social planner is larger by area DCE. Put differently, by letting this market with a positive
externality in production free to operate, we have a loss in surplus (relative to what we
could potentially achieve) equal to the area DCE.
iv.

Let’s start from the surplus of bystanders. Since the social planner is going to produce
Q*, there is no doubt that the surplus of bystanders is going to be equal to area AEF (the
difference between private and social cost).

What about consumer and producers surplus? As you know, when it comes to producer
and consumer surplus we need to focus on the demand curve (reflecting private
benefits) and the supply curve (reflecting private costs). And we also need to know the
price at which quantity is traded in the market.
However, we do not have any information about the price that the social planner is
charging. We simply know that the planner would produce Q*. In principle, the planner
could charge a different price for each unit produced up to Q*.
What we can find is the sum of producer surplus and consumer surplus when Q* is
traded. To find, just consider the area comprised between the demand curve (i.e.
private benefit) and the supply curve up (i.e. private cost) up to quantity Q*. If you do
so, you find that the sum of producer surplus and consumer surplus when Q* is traded is
represented by area ABC minus area CFE.
Again, note that we cannot tell how this surplus is split between consumers and
producers because we do not have information about the price that the central planner
is going to charge for each unit of the good that is produced. For example, if each unit
produced was charged at a price equal to the cost of producing it (i.e. the MC), then the
whole surplus (the entire area ABC-CEF) would go to the consumers (producers would
strike zero profits since the price of each unit would be just enough to cover production
cost of that unit). If instead the planner charged for each unit a price equal to the
marginal willingness to pay for that unit, than the whole surplus (the entire area ABCCEF) would go to the producers. Furthermore, note that any “pricing” solution between
these two extreme ones would be feasible (i.e. each unit could be sold at any price
between the marginal cost of and the willingness to pay for that unit).

Question 2
Consider a competitive market with no externalities. With the aid of a graph explain why
the introduction of a binding price ceiling would reduce efficiency. Which assumption of
the 1st theorem of welfare is violated?
Answer:
Consider the graph below. Without a price ceiling the competitive market reached the
equilibrium at point E. Quantity QM is produced and consumed. Since there are no
externalities, the S and D curves represent the MSC and the MSB curves. Thus, total
surplus for the society at the market equilibrium is equal to area ABE (where PMBE is
consumer surplus and PMAE is producer surplus). If a price ceiling PC is introduced, each
unit must be sold at PC. This creates an excess demand. Without a price ceiling, the price
mechanism would reduce this excess demand to zero and restore equilibrium. The price
ceiling prevents the price mechanism from functioning. Since each unit must be sold at
PC, producers would produce only quantity QC. The total surplus for the society at
quantity QC is equal to area ABCD. Thus, the price ceiling reduces efficiency by creating a
loss in surplus equal to area DCE.

(A side note: there is also a redistribution effect of the price ceiling with the producer
surplus decreasing to APC D and the consumer surplus increasing to PCBCD).
The assumption that is violated is that there should not be price distortions.

Question 3
Consider the following graph representing a monopolistic market. Assume that there are
no externalities, no policy-induced price distortions and information is symmetric. Is this
market efficient? To answer this question, find:
i.
ii.
iii.

iv.

The total surplus of the society at the market equilibrium.
The total surplus that would be generated by a benevolent and omniscient social
planner.
What would be the equilibrium if the market were competitive (i.e. if the
monopolist were to behave as a competitive producer rather than exploit his
market power)?
What can you say about the price charged by the social planner?

Answer
i.

The monoplosit produces quantity XM where MR=MC (this is the quantity that maximizes
his profits). The price he choose is PM (given the market demand he faces, that is the
highest per unit price he can charge in order to sell XM). Since there are no externalities
and no policy-induced price distortions, the MC curve of the monopolist is also the MSC
curve. And the D curve is also the MSB curve. Thus, total surplus for the society at the
market equilibrium is equal to area a+b+c+d.

ii.

Consider the graph above. A social planner produces where the MSC is equal to the MSB.
Thus, he will produce X*. At X* the total surplus for the society is equal to area
a+b+c+d+e. Thus, a monopolistic market is not efficient because it generates a smaller
surplus relative to what a benevolent and omniscient planner would do. In particular the
loss in surplus is equal to area e.

iii.

If the market were competitive, the equilibrium would be were S intersects D. But what
would be S? We know that for a producer in a competitive market (lectures 6-8), the
supply curve is the MC curve. Hence, if the monopolist where to act competitively, his MC
curve would identify the S curve. Hence the equilibrium would be at price p* and quantity
X*. Note that in a competitive equilibrium, output is the same as the one chosen by the
social planner, that is, the competitive equilibrium would be fully efficient.

iv.

Prices are irrelevant when it comes to a central planner deciding how much to produce
and how to allocate production. The problem solved by the planner is a pure allocation
problem. The planner decides which unit to produce and to whom to allocate that one
unit, making it sure that each unit is produced at the lowest cost for society and then it is
allocated to the consumer that values it most. Essentially, prices become irrelevant
because the role that is performed by prices in a decentralized economy (i.e. competitive
market) is now performed by the central planner. If you really want to bring prices in,
note that they will simply affect how surplus is distributed. The planner could charge each
unit differently, setting a price between the MSC and the MSB of each unit. The price of
each particular unit will then simply affect how the surplus on each unit is split between
the producer and the consumer of that one unit. Note that among these pricing solutions
there is, of course, also the one that would arise if the market were competitive. That is
the planner could choose a price that is the same for each unit and equal to p*.

Tutorial 11 – Choice with uncertainty
1) Lisa just graduated and got a job offer from a bank. If she accepts the bank’s offer she
will receive a yearly income of $81 with certainty. However, Lisa is also a good tennis
player and is thinking of refusing the offer from the bank in order to pursue a career as a
tennis player. If she decided to do so, two outcomes are possible. She may become
famous and earn a yearly income of $400. Or she may fail and have to live with a yearly
income of $25. She knows that the probability of failing is 0.8. Her utility function is
given by u 

x and is represented by the curve in the graph below.
u(x)

x
a. Calculate the expected value in the case she pursues a career as a tennis player.
Answer:
E(x) =0.2x400+0.8x25=100
b. Is Lisa going to accept or refuse the offer from the bank?
Answer:
When you have two alternatives you have to compare the expected utilities of the
two alternatives (well, in case one alternative is certain, then you do not need to
calculate the expected utility but simply the utility that you get from that one certain
alternative). So, the (certain) utility of the bank’s offer is:

u(81)  81  9 .
The expected utility from pursuing a career as a tennis player is:

E (u)  Pr(success)u (400)  Pr(unsuccess)u (25)  0.2 400  0.8 25  8
Thus, Lisa will accept the bank’s offer. Note that she does so despite the level of
income she will receive with the bank’s offer (9) is smaller than the expected value
of the income she expects to receive if she pursues a career as a tennis player’s
career (8). The general point is that when making a choice between two or more
alternatives, what you need to compare is not the expected value of each
alternative but the expected utility (or utility) of each alternative.
c. What is the certainty equivalent of the gamble that Lisa faces if she decided to
pursue a career as a tennis player?
Answer:
The certainty equivalent of a gamble is the certain amount of money that generates
a level of utility equal to the expected utility of the gamble. In our case, the expected

utility of the gamble is 8 (see point a). So, we want to find the level of income x such
that the utility generate by xCE is equal to 8:

u( x )  8
We know that u( x ) 

x

So, we have to solve:

x 8
By squaring both sides we get x  64 which is the value of our certainty equivalent.
d. What is Lisa’s risk premium?
Answer:
Risk premium=
=Expected value of gamble - Certainty Equivalent of gamble =
=100-64=
=36
e. Given the graph of Lisa’s utility function, it is obvious that she is risk averse. Suppose
I did not provide you with that graph. Would you still be able to conclude whether
Lisa is risk averse, risk neutral or risk loving based on the information you gathered
by answering to the previous questions?
Answer:
Yes. Indeed, there are two alternative ways to answer this question.
One way is to note that her risk premium is positive. This means she is risk averse.
If you do not want to calculate the risk premium, there is another way to answer.
You compare the expected utility of the gamble E (u ) with the utility of the
expected value of the gamble u( E ( x )) . We know from part b that E (u)  8 . We
know from part a that E ( x )  100 . Thus, u( E ( x ))  100  10 . Eventually, we
have found that u( E ( x))  E (u) which means that she is risk averse (this is the key
result in Slide 14 of Lecture 11).

f.

Now suppose that Lisa’s only option after graduation is to pursue the risky career as
a tennis player. Her insurance company is offering her a contract with a premium
p=$90 and a benefit b=$100.
i.

What is the expected value of Lisa’s income if she buys insurance?
Answer: E(x|insurance)=0.2 (400-90)+0.8(25+100-90)=62+28=90

ii. Is the contract actuarially fair?
Answer: No. To be actuarially fair the contract must be such that b=p/0.8.
This is not satisfied in our case ( 100 

90
).
0.8

This question could have been answered also by saying that the expected
value with the insurance (90) is different from the original expected value of
the gamble (100).
iii. Would Lisa buy this contract?
Answer: You have to compare the expected utility of the gamble with
insurance with the expected utility without insurance. The latter was found
at point b to be equal to 8. The expected utility with insurance is:

0.2 400 - 90 + 0.8 25 +100 - 90 = 0.2 310 + 0.8 35 
 0.2  17.61  0.8  5.92  3.52  4.73  8.25
Thus she buys the insurance even if it is not actuarially fair (8.25>8).
iv. Suppose another insurance company offers Lisa the opportunity to choose
an insurance contract that is actuarially fair. Which contract would she buy
(i.e. specify the value of p and b for the contract she would buy).
Answer: The offer from the new insurance company is such that Lisa can
choose any p and b such that b=p/0.8. We know that when an individual can
choose the actuarially fair contract he desires, he will choose the one that
guarantees full insurance.
Since an actuarially fair contract has the property that it leaves the expected
value of the gamble unchanged, the actuarially fair contract that fully
insures the individual is the one that guarantees that both in the bad state
and in the good state the individual has an income level equal to the
expected value of the gamble.
Thus in our case, Lisa would choose the contract with p=300 and b=375.
With this contract Lisa will have an income of $100 both when things go well
(400-p=100) and when things go bad (25+(b-p)=100). This obviously implies
that the expected value of her income with this contract is $100 which is
exactly equal to the expected value of the gamble without insurance. But
this is what we expect from an actuarially fair contract (that it leaves the
expected value of the original gamble unchanged).
To double check that the contract is actuarially fair, also note that
300/0.8=375.

2) (Extra Question)
Suppose Sofia is planning to invest $100 in the stock market. She estimates that there is
a 50% chance that the market will go up by 10% one year from now; a 30% chance that
it will remain unchanged; and a 20% chance that it will go down by 10%. If she does not
invest, she simply keeps $100 in her wallet and spend it one year from now.
a. What it the expected value of investing in the stock market?
Answer: E(x)=0.5(110)+0.3(100)+0.2(90)=103
b. Can you whether Sophia is going to invest the $100?
Answer: If Sophia invests, she expects to get 103. If she does not invest the she
will keep her $100 with certainty. Even though the expected value of the
investment is above what she gets if she does not invest, we cannot conclude
what Sophia will invest. To know what Sophia chooses, we should know more
about Sophia’s attitude towards risk, in particular her utility function of income.
c. Now suppose that you do not know Sophia’s utility function but you know that
she is risk neutral. Can you conclude what she will do?
Answer: Yes, she will invest the $100. When an individual is risk neutral, we can
simply focus on the expected value of the gamble rather than on the expected
utility of the gamble (that is, comparing the expected values of two alternatives
is equivalent to comparing the expected utilities of the two alternatives).
d. Now suppose that you do not know Sophia’s utility function but you know that
she is risk loving. Can you conclude what she will do?
Answer: Yes, also in this case she will invest the $100. This is so because the
expected value of the investment is larger than $100 and she likes risk (so there
is no doubt that the expected utility from the investment is larger than the
utility she attaches to receiving $100 with certainty)
e. Now suppose that you do not know Sophia’s utility function but you know that
she is risk averse. Can you conclude what she will do?
Answer: No. You could have drawn a conclusion if and only if you had found that
the expected value of the investment was equal to or smaller than $100 (i.e. the
amount that she receives for sure if she chooses not to invest). In that case, you
would know that she chooses not to invest.
Since, instead, you found that the expected value of the investment is larger
than $100, it could be that this expected value is large enough to compensate
for the risk. To know if this is the case, we would need to know Sophia’s utility
function.

